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Abstract
The external fermion propagator and the internal fermion propagator in the overlap
are given by dierent matrices. A generic problem (formulated by Pelissetto) faced by
all chiral, non-local, propagators of Rebbi type is avoided in this manner. Nussinov-
Weingarten-Witten mass inequalities are exactly preserved. It is sketched how to obtain
simple lattice chiral Yukawa models and simple expressions for covariant currents.
Chiral symmetry was built into the overlap from day one. Each Weyl fermion is
represented by an innite tower and coherent unitary rotations of left-towers into linear
combinations of left towers (the same holds for right towers) are exact global symmetries
in vector-like gauge theories. These are symmetries of the fermion quantum system un-
derlying the overlap and are realized canonically. There are also global U(1) symmetries
associated with each tower. Fermion correlation functions are produced by taking ma-
trix elements of strings of creation/annihilation operators between a reference state and
a fermionic ground state. The ground state depends parametrically on the gauge back-
ground, but the reference state can be chosen not to. The ground state can transform
nontrivially under one linear combination of the U(1)s, axial-U(1), but is a singlet under
all other global chiral symmetries as long as the gauge background is smooth enough. This
provides a lattice realization of ’t Hooft’s solution to the U(1)-problem. The backgrounds
1 Preliminary draft of talk to be delivered at Lattice ’98, Boulder, Colorado, July, 1998.
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where axial-U(1) is violated contain net topological charge. In addition, a certain choice
for the external fermion propagator produces an exact lattice realization of the Nussinov-
Weingarten-Witten mass inequalities. All of the above is fully explained in section 9 of
[1]. In other sections evidence is provided for correct realization of chiral anomalies. Thus,
spontaneous chiral symmetry breakdown is not only plausible beyond reasonable doubt,
but potentially rigorously provable.
The simplied formula obtained for the overlap in [2] is an expression of the matrix
element of unity, the chiral determinant, det(D) with D = (1 + V )=2. Here, V = γ5(H),
with H = γ5DW , where DW is the Wilson-Dirac operator with hopping larger than criti-


















get the external fermion propagator one needs the projectors on the positive and negative
eigenspaces of H2 (see section 5 of [1]). In backgrounds carrying zero lattice topological
charge they are 2N  N rectangular matrices, P(H) =
1p
2
( (H) 1 ). The reference
state is obtained by substituting γ5 for H (One can easily work with a gauge eld depen-
dent reference state, substituting H0 for H, where H0 diers from H in that its hopping
parameter is below the critical value.) Since (γ5) = γ5 we have P(γ5) =
1p
2
( γ5 1 ).





















As noted in [1] we see that only half the modes propagate, so we have eectively an
N  N restricted propagator. It is chiral, so has only left-left and right-right entries in
the chiral basis: ~gRR = ~gLL =
2
1+V . (The chiral projectors
1γ5
2 are assumed implied
by the subscripts.) However, it violates the continuum relation gRR = −g
y
LL. To restore
this essential relation for NWW mass inequalities the ordering ambiguity inherent in the
overlap construction of fermionic correlation functions was exploited in [1] to obtain another
















In equation (2.22) of [3] it was shown that a physical expression for the chiral condensate










succinctly exhibiting the dichotomy between internal and external propagators. The ex-
pression would vanish in nite volumes as long as Nf > 1, exactly as expected.
Had g been the internal free fermion propagator, the induced eective action would
have had unwanted contributions from ghosts which would survive in the continuum limit,
as shown by Pelissetto [4]. But, here the eective action is given by det(D), not det(g−1),
and the free propagator D−1 has no ghosts.
In any explicit realization of strictly massless QCD adding a mass terms (see [1,3]) is
easy and the dependence on QCD can be made explicit. Using the overlap, and making 
space dependent, one immediately obtains a simple lattice chiral Yukawa model.
In [5] the denition of covariant currents was discussed in the general chiral context
including the vector-like case. If that denition is applied directly to H one obtains rather
ugly expressions because of nontrivial energy denominators. However, H can always be
replaced by an odd monotonic function f(H). In [6] a method to compute D was presented.
It is based on a function Fn(z),
Fn(z) =
(1 + z)n − (1− z)n
(1 + z)n + (1− z)n
:
F1(H) = (H). A crucial relation is Fn(Fm(z)) = Fnm(z). We learn that we can substi-
tute Fm(H) for H. For very large m the energy denominators simplify and nice expressions
for the gauge invariant chiral currents can be obtained.
See [7] for other work related to the above topics.
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